The cycle of lectures aims at illustrating the impact of Weak KAM methods in the analysis of Hamilton-Jacobi equations, specifically for issues as homogenization. asymptotic behavior of solutions, representation formulae, differentiability properties for solutions and subsolutions, comparison principles.
respect to the action functional. Further developments of this stream of research were due to John Mather and Serge Aubry all along the eighties.
The two pieces of the picture were pasted together by Albert Fathi in the middle of 1990s, the missing link being the recognition of the relevance of weak solutions to stationary Hamilton-Jacobi equation at the critical level for the analysis of the corresponding Euler-Lagrange flow. Actually Fathi provided his own definition of weak solution expressed in a dynamical way through Lax-Oleinik semigroups, but it came out that it was indeed equivalent to that of viscosity solution.
The plan of the lectures is as follows: we choose as starting point the homogenization problem and describe Lions-Papanicolau-Varadhan approach, with the aim of introducing central notions as critical value and effective Hamiltonian. We also give an account of Evans perturbed test function method. In the second lecture we deepen our analysis on the critical equation (i.e. stationary Hamilton-Jacobi equation corresponding to critical value) through a metric intrinsically related to critical sublevels of the Hamiltonian. The third lecture is specifically devoted to the Aubry set and the behavior of any subsolution of critical equation on it. We then pass in the fourth lecture to present the main result of weak KAM theory applied to Hamilton-Jacobi equation. A general theorem asserting that any such equation with convex coercive Hamiltonian, possessing suitable regularity in the state variable, on any ambient space (compact or noncompact) has a C 1 or even C 1,1 subsolution, depending on the regularity of the Hamiltonian, provided that it has a viscosity subsolution. This ends the fundamental part of the theory. The last three lectures illustrate different applications showing its versatility.
It goes without saying that this is just a tentative programm, that will be modified and adapted according to the actual pace of the lectures and to requests of the audience. We finally make precise that it is just required as background the fundamental of viscosity solutions theory.
Synopsis
First lecture From homogenization of Hamilton-Jacobi equations to qualitative analysis of critical equations. Second lecture Qualitative analysis of critical equations: a metric ap-proach. Third lecture Aubry set and its main properties. Fourth lecture Lax-Oleinik semigroups and existence of C 1,1 subsolutions of Hamilton-Jacobi equations. Fifth lecture Aubry set and long time behavior of solutions to timedependent Hamilton-Jacobi equations. Sixth lecture Aubry set and inverse Lyapunov theorem for differential inclusions. Seventh lecture Homogenization for noncoercive Hamiltonians and turbulent combustion models.
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